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We investigate spectral statistics in spatially extended, chaotic many-body quantum systems
with a conserved charge. We compute the spectral form factor K(t) analytically for a minimal
Floquet circuit model that has a U(1) symmetry encoded via auxiliary spin-1/2 degrees of freedom.
Averaging over an ensemble of realizations, we relate K(t) to a partition function for the spins,
given by a Trotterization of the spin-1/2 Heisenberg ferromagnet. Using Bethe Ansatz techniques,
we extract the ‘Thouless time’ tTh demarcating the extent of random matrix behavior, and find
scaling behavior governed by diffusion for K(t) at t . tTh. We also report numerical results for
K(t) in a generic Floquet spin model, which are consistent with these analytic predictions.
Introduction. Statistical mechanics is a fundamental tool
in understanding condensed matter systems, allowing for
their description in terms of a few state variables, rather
than thermodynamically many degrees of freedom. For
quantum or classical systems in equilibrium with their
environment, thermodynamics arises naturally from the
exchange of conserved quantities with a thermal reser-
voir. For generic isolated systems, thermalization is not
guaranteed, but rather must emerge dynamically. In re-
cent years, there has been substantial theoretical [1] and
experimental effort [2, 3] to understand how many-body
quantum systems in isolation equilibrate under their own
dynamics to reproduce the familiar results of statistical
mechanics. The Eigenstate Thermalization Hypothesis
(ETH) [4–6] provides a universal mechanism for estab-
lishing ergodicity of isolated quantum systems: in its
simplest formulation, it is based on the convergence of
the expectation values of local observables in nearby en-
ergy eigenstates when the thermodynamic limit is con-
sidered. Indeed, this assumption is enough to recover
thermal behavior from the long-time dynamics of many-
body quantum systems. The notion of quantum ergodic-
ity associated with ETH is intertwined with random ma-
trix theory (RMT): first, quantum chaotic systems are
characterized by an RMT eigenvalue distribution [7, 8];
second, their eigenfunctions can be understood as ran-
dom vectors [4, 5, 9, 10]. One consequence is that quan-
tum thermalization is always associated with level repul-
sion between energy eigenvalues. In practice, this spectral
rigidity has often been used as an efficient means to pin-
point quantum ergodicity breaking [11–15].
The validity and possible regimes of violation of ETH
have been scrutinized in different types of chaotic sys-
tems [16–21]; however, numerical tests of ETH are chal-
lenging as they require the diagonalization of Hamiltoni-
ans whose size grows exponentially with the number of
microscopic degrees of freedom [17, 22–24]. An obvious
limitation is that, while RMT captures several aspects of
quantum chaos, replacing the microscopic time evolution
by a random matrix overlooks a key facet of the former,
namely locality.
Recent efforts have endeavored to establish and im-
prove upon minimal models of chaotic many body quan-
tum systems starting from RMT, and enforcing locality
via random local unitary gates to form ‘circuits’ [21, 25–
33]. Such models generally display quantum chaos, as
characterized by entanglement entropy, the decay of lo-
cal observables, and out-of-time-ordered correlation func-
tions [25–27]. By considering Floquet random circuits, it
has been possible to derive analytically RMT spectral
rigidity, in the limit of large local Hilbert space dimen-
sion [27, 28] or at fine-tuned solvable points [32, 34]. More
precisely, these works demonstrated that RMT behavior
only appears for eigenvalue separations small on the scale
of the inverse of the Thouless time, tTh, named in anal-
ogy with single-particle disordered conductors [35, 36].
The value of tTh depends on the linear system size L
and characterizes the time scale for the onset of quan-
tum chaos. It remains an open question to understand
which mechanisms control the scaling of tTh with L.
In this work, we investigate the effect of a local con-
served quantity Qˆ on the behavior of tTh and, more gener-
ally, on the spectral properties of the evolution operator,
Wˆ , of a Floquet system. In particular, we consider the
two-point spectral form factor (SFF) K(t), defined as
K(t) ≡
D∑
m,n=1
〈
eı(θm−θn)t
〉
= 〈|Tr[Wˆ (t)]|2〉 . (1)
Here {θm} are the eigenphases of Wˆ , D is the Hilbert
space dimension, Wˆ (t) indicates the t-th power of Wˆ , and
〈. . .〉 denotes the average over an ensemble of statistically
similar systems. The SFF is the Fourier transform of the
two-point correlation function of eigenphases. For uncor-
related eigenphases, K(t) = D, while for random matri-
ces belonging to the Circular Unitary Ensemble (CUE),
KCUE(t) = |t| until the Heisenberg time tHeis = D, after
which KCUE(t) = D. The linear ramp is thus a fin-
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2gerprint of level repulsion. For spatially-extended one-
dimensional (1d) systems [28], K(t) ' tL/ξ(t) for t tTh:
the system can be seen as partitioned into L/ξ(t) chaotic
blocks, with a length ξ(t) that grows with t. RMT be-
havior is recovered for t & tTh with ξ(t = tTh) ∼ L. In
the presence of a conserved quantity with diffusive trans-
port, it is natural to expect ξ(t) ∼ √Dt, or tTh ∼ L2/D,
where D is the diffusion constant. The idea that the
timescale L2/D controls the onset of RMT spectral cor-
relations was proposed on a heuristic basis in [33], with
support from a variety of estimates and numerical stud-
ies. Here we establish this result in an exact treatment
of a minimal model. We also set out the scaling behavior
of K(t) in the time interval 1  t . tTh and show that
this holds in a computational study.
To probe K(t) we build on a Floquet circuit model in-
troduced in [27], consisting of a chain with q-state ‘spins’
at each site. The model has a time-evolution operator
Wˆ constructed from unitary gates that act on neighbor-
ing pairs of sites. Gates are randomly selected in space
but repeated periodically in time. Using a diagrammatic
method to average over the individual matrices [37], to
leading order at large q, one finds K(t) = KCUE(t) for
any t 6= 0, so that tTh → 0 as q → ∞. In the following,
we formulate and characterize an extension of this model
that hosts a U(1) symmetry corresponding to a local,
conserved operator Qˆ that commutes with Wˆ . In this
way, the limit q → ∞ has a twofold convenience: first,
it allows controlled diagrammatic calculations; second, it
washes out any effect on K(t) not due to Qˆ.
Circuit model. The minimal model is a Floquet random
unitary circuit (FRUC) defined on a chain of L sites
with local Hilbert space Hloc ≡ Cq ⊗ C2 – the tensor
product of a q-dimensional color and a spin-1/2. The
former facilitates Haar averaging [27, 28, 30], and we
encode a U(1) symmetry in the latter, following [30],
corresponding (in standard notation) to conservation of
Qˆ = Sˆz = 12
∑L
j=1 σˆ
z
j .
The single-period – or Floquet – evolution operator
Wˆ ≡ Wˆ2 · Wˆ1 is a depth-two circuit comprised of lo-
cal two-site gates: assuming even L, the two layers
correspond respectively to odd and even bonds, with
Wˆ1 = Uˆ1,2 ⊗ Uˆ3,4 ⊗ . . . and Wˆ2 = Uˆ2,3 ⊗ Uˆ4,5 ⊗ . . . UˆL,1.
We require that each Uˆj,j+1 preserves the local magneti-
zation Szj,j+1 =
1
2
(
σˆzj + σˆ
z
j+1
)
[29, 30]. Thus Uˆj,j+1 is a
4q2×4q2 block diagonal matrix, acting as a q2×q2 matrix
in each of the ↑↑ and ↓↓ subspaces, and as a 2q2 × 2q2
matrix in the ↑↓ , ↓↑ subspace, with all three blocks in-
dependently drawn Haar random unitaries.
To characterize spectral correlations in this quantum
circuit, we compute the SFF (1). Since [Wˆ , Sˆz] = 0, Wˆ
is block-diagonal, and levels from different Sˆz sectors do
not repel. Thus, we define
K(t, s) ≡
〈
Tr
s
[Wˆ (t)] Tr
s
[Wˆ †(t)]
〉
(2)
where ‘s’ indicates restriction to the subspace Sˆz = S =
Ls [38] and 〈· · ·〉 denotes Haar averaging.
Effective spin-1/2 model.— The ensemble averaging in
(2) maps K(t, s) to the partition function of a Trotter-
ized Heisenberg ferromagnet. Evaluating this average
amounts to generating all diagrams [27] by pairing uni-
taries Uˆj,j+1 with their complex conjugates Uˆ
†
j,j+1 at each
bond [39]. As q → ∞, the leading contributions come
from t diagrams, each of which has an identical ‘cyclical’
pairing at all sites [27]. These diagrams can be expressed
algebraically as (see [39] for details)
lim
q→∞K(t, s) = |t|Trs [Mˆ
t ] , (3)
where the factor of |t| comes from there being t such
leading diagrams. The trace over the effective spin-1/2
evolution operator, Mˆ , accounts for the sum over the
color and spin degrees of freedom in a given leading
diagram. Like Wˆ , Mˆ ≡ Mˆ2 · Mˆ1 consists of two lay-
ers: Mˆ1 = Tˆ1,2 ⊗ Tˆ3,4 ⊗ . . . and Mˆ2 = Tˆ2,3 ⊗ Tˆ4,5 ⊗ . . . .
Mˆ is hermitian, owing to contraction of a unitary and
its conjugate, and is invariant under a shift by two sites
due to ensemble averaging. The matrix Tˆj,j′ acts only on
sites j, j′ as
Tˆj,j′ =
1
2
(1ˆj,j′ + Pˆj,j′), (4)
where Pˆj,j′ =
1
2 (1ˆj,j′+~σj ·~σj′) is the ‘swap operator’. We
note that Mˆ describes a discrete-time symmetric simple
exclusion process (SSEP) for a classical lattice gas [40].
Although our original FRUC featured a U(1) symmetry,
after Haar averaging and taking q →∞, K(t, s) exhibits
an enlarged SU(2) invariance in the remaining spin-1/2
variables; we believe this is specific to the large-q limit.
Additionally, as we clarify below, Mˆ belongs to a family
of commuting transfer matrices, unveiling an emergent
integrability, and the possibility of computing K(t, s) ex-
actly [41].
This model leads to a Thouless time which scales dif-
fusively. To see this, note Tˆj,j+1 ≡ 1ˆj,j+1− Hˆj,j+1, where
Hˆj,j+1 = − 14 (~σj · ~σj+1 − 1ˆj,j+1) describes the spin-1/2
Heisenberg ferromagnet. Thus, we can interpret Tr[Mˆ t]
in (3) as a Trotterization of the partition function at in-
verse temperature β = t, i.e. Trs [Mˆ
t] ' Trs [e−tHXXX ],
with HXXX =
∑
j Hˆj,j+1. Hence, the behavior of
K(t, s) at late times reflects the low-temperature prop-
erties of the Heisenberg ferromagnet, HXXX, which has
(L+ 1)-fold degenerate ground states with vanishing en-
ergy. Each Sz sector has a unique ground state, |S〉 ≡
(Sˆ−)N↓ | ↑ . . . ↑〉 with Sˆ± ≡∑j σˆ±j and N↓ = L/2− S =
L (1/2− s). Low-lying excitations above each |S〉 are
magnons, i.e. plane-wave superpositions of spin flips
|S, k〉 = 1√
L
L∑
j=1
eıjkσˆ−j |S + 1〉 , k =
2pip
L
, (5)
3characterized by a quadratic dispersion relation ε(k) ∝
k2 at small k. Expanding in t  L2, one expects only
the lowest energy magnon contributes and
lim
q→∞ K(t, s) =tL2
|t|
(
1 + e−
4pi2t
L2 + . . .
)
. (6)
This suggests diffusive scaling of the Thouless time,
tTh ∝ L2. However, to investigate the regime 1  t 
L2, we must consider states with extensive numbers of
magnons, and many-body effects.
Scaling form. We define the function
φ(t, s) = − lim
L→∞
L−1 ln [K (t, s) /|t|] , (7)
which can be computed exactly for any integer t, either
by solving an infinite set of coupled integral equations
– i.e. the Thermodynamic Bethe Ansatz (TBA) [42] –
or, perhaps more efficiently, via the ‘quantum transfer
matrix method’ [43], which requires the solution of an
algebraic equation in 2 |t| variables [39]. While the latter
is better suited to calculating K(t) at a particular time t,
the former affords analytic insight into behavior at large
times. Since the limit L → ∞ implies tHeis → ∞, we
expand (7) about large t using TBA,
φ(t, s) = −ζ(3/2)√
4pit
+
1
2(2s+ 1)t
+ . . . , (8)
where ζ(z) is the zeta function and q → ∞ is taken im-
plicitly. Ignoring the Trotterized structure of Mˆ and tak-
ing Mˆ ∼ e−HXXX relates (8) to the low-temperature ex-
pansion of the specific heat close to the ferromagnetic
ground state of HXXX [44, 45].
The form of (8) implies diffusive scaling even for t 
DL2. From the behavior φ(t, s) ∼ (Dt)−1/2 it is apparent
that the value of D is independent of s, a consequence of
the emergent SU(2) symmetry at q →∞. However, the
scaling limit relevant for K(t) in the regime 1 t . tTh
is distinct from that recovered from TBA (8): the former
requires t, L → ∞ with x ≡ t/L2 fixed, while the latter
requires the thermodynamic limit L → ∞ at fixed t.
Nevertheless, these results suggest a scaling form
lim
t,L→∞
ln [K(t, s)/t] = κ(x, s) . (9)
Despite the inherent integrability, exact calculation of
κ(x, s) is a challenging task. Nevertheless, its asymptotic
behavior can be read off from (6) and (8): for early times
(x  1) one inserts (7) into (8); for late times (x  1)
one expands the log of the right side of (6). Thus
κ(x, s) ∝
x1
x−1/2 and κ(x, s) ∼
x1
e−4pi
2x . (10)
Although these predictions are obtained for q → ∞, we
expect their qualitative features to be valid for generic
chaotic many-body systems with conserved charges.
Numerical simulation. We now turn to numerical sim-
ulation to test (9) in chaotic quantum systems at finite
q. At q = 1, the FRUC considered above exhibits a nu-
merically small diffusion constant that makes it difficult
to avoid finite-size effects at the accessible values of L.
Instead, we use a model adapted from [29], defined by
Wˆ = e−it4Hˆ4e−it3Hˆ3e−it2Hˆ2e−it1Hˆ1 , (11)
where
Hˆ1 =
∑
j
(
J1z σˆ
z
j σˆ
z
j+1 + h
1
j σˆ
z
j
)
Hˆ3 =
∑
j
(
J2z σˆ
z
j σˆ
z
j+2 + h
2
j σˆ
z
j
)
Hˆ2 = Hˆ4 = Jxy
∑
j
(
σˆxj σˆ
x
j+1 + σˆ
y
j σˆ
y
j+1
)
, (12)
with periodic boundary conditions. We take J1z =(√
3 + 5
)
/6, J2z =
√
5/2, and Jxy =
(
2
√
3 + 3
)
/7, with
h1,2n drawn independently from the uniform distribution
[−1.0, 1.0] for ensemble averaging. We choose t1 = 0.4,
t2 = 0.1, t3 = 0.3, and t4 = 0.2 to avoid time-reversal
symmetry around any instant in the period (we check
that nearest-neighbor level statistics are CUE). In con-
trast to a recent study [46], we did not investigate K(t)
at strong disorder, as our concern is with the behavior of
ergodic systems.
We restrict to half-filling, and measure K(t) for sizes
L = 12, 14, 16, each averaged over & 104 disorder config-
urations [39]. Fig. 1 (lower panel) shows the general be-
havior of K(t) in a system with a conserved charge, with
values much larger than RMT during an initial interval,
followed by a linear ramp regime in which K(t) = |t|,
and finally a plateau for t ≥ tHeis. Fig. 1 (upper panel)
shows scaling collapse of ln [K (t) /t] versus x = t/L2 for
different L, following (10).
Bethe Ansatz solution. We conclude by sketching the
analysis of (3) using Bethe Ansatz. The computation
of Trs [Mˆ
t] would be simplified by knowledge of the full
eigenspectrum of Mˆ . Following the coordinate Bethe
Ansatz for HXXX [47, 48], one seeks multi-magnon eigen-
functions, i.e. plane-waves, along with a scattering ma-
trix describing the exchange of the excitations’ momenta.
However, this approach suffers from technical complica-
tions due to the circuit construction of Mˆ . A more di-
rect approach is instead based on the equivalent algebraic
Bethe Ansatz formulation [49]. Thus, we introduce the
R-matrix
Rˆa,b(λ) =
λ
λ+ 2ı
1ˆab +
2ı
λ+ 2ı
Pˆab , (13)
which acts on spins-1/2 labelled a and b. We next in-
troduce the transfer matrix, which acts jointly on the L
physical spins and an auxiliary spin, a:
Tˆ (λ) ≡ Rˆ1,a(λ− ξ1)Rˆ2,a(λ− ξ2) . . . RˆL,a(λ− ξL) ,(14)
where the rapidity λ and inhomogeneities ξ’s are arbi-
trary complex numbers. Schematically, λ parameterizes
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FIG. 1. Behavior of K(t). Upper figure (main panel):
lnK (t) /t vs t/L2. The scaling collapse of data for L = 14
and L = 16 indicates that the Thouless time tTh is controlled
by diffusion; small deviations for L = 12 are presumably a
finite-size effect. Inset: same data vs t for comparison. Lower
panel: K(t) for L = 12; the small system size narrows the
relative extent of the ramp regime K(t) = t, highlighting the
short-time, pre-RMT behavior.
the quasi-momentum k(λ) = arccot(λ/2) ∈ (−pi/2, pi/2)
carried by the auxiliary particle while traversing the
chain. Alternatively, in the auxiliary space, Tˆ (λ) can
be written as a 2 × 2 matrix of operators acting on the
physical spins,
Tˆ (λ) =
(
Aˆ(λ) Bˆ(λ)
Cˆ(λ) Dˆ(λ)
)
. (15)
This construction is useful because the R-matrix in (13)
satisfies the Yang-Baxter relation, implying a set of al-
gebraic relations between the coefficients in (15), com-
puted at the same inhomogeneities [50]; in particular,
setting Fˆ (λ) ≡ Aˆ (λ) + Dˆ (λ), one has [Fˆ (λ) , Fˆ (λ′)] =
0 , ∀ λ, λ′. The presence of a one-parameter family of
commuting quantities establishes integrability for any
choice of {ξj}, but only particular choices give rise to in-
teresting local models. For instance, the isotropic Heisen-
berg spin chain is recovered for the homogeneous case,
ξj = ı/2. However, the brick-wall geometry relevant to
Mˆ is realized via ξj = ı (1 + (−1)j), from which it fol-
lows [39] that
Mˆ = lim
δ→ı
Fˆ (ı− δ)−1 Fˆ (ı+ δ) , (16)
where the limit is needed to account for the non-
invertibility of Tˆj,j′ in (4). The common eigenstates of
the conserved quantities Fˆ (λ) (and thereby Mˆ) can be
obtained via algebraic properties, from which one can in-
terpret Bˆ(λ) as an effective magnon creation operator on
the vacuum |S〉, which decreases Sˆz by one. Thus Mˆ has
eigenstates
Mˆ |λ1, . . . , λN 〉S = e−
∑
j ε(λj)|λ1, . . . , λN 〉 , (17)
where |λ1, . . . , λN 〉S = Bˆ(λ1) . . . Bˆ(λN )|S〉. The in-
teger N encodes the magnetization eigenvalue via
Sˆz|λ1, . . . , λN 〉S = (S −N)|λ1, . . . , λN 〉. Due to interac-
tions, the parameters λ1, . . . , λN are not free, but satisfy(
λj + 2ı
λj − 2ı
)L/2
=
N∏
j′=1
j′ 6=j
(
λj − λj′ + 2ı
λj − λj′ − 2ı
)
, (18)
the solution of which provides the full spectrum of Mˆ .
In (17), we introduced the dispersion relation ε(λ) ≡
−2 ln cos k(λ). At small k, a quadratic dispersion re-
lation is recovered, as is expected since the discrepan-
cies between Mˆ t and e−tHXXX become irrelevant at long
wavelengths. Although (17,18) simplify substantially the
evaluation of (3), the main bottleneck remains the ex-
ponential growth in L of the Hilbert space dimension.
However, in the thermodynamic limit L, S → ∞ with
s = S/L fixed, the solutions of (18) acquire a simple
structure [39], and the function φ(t, s) in (7) can be com-
puted analogously to thermodynamic quantities in inte-
grable spin chains.
Discussion. We have presented analytical and numerical
evidence showing the significance of the Thouless time
tTh = L
2/D for spectral correlations in systems with a
conserved charge. These results are consistent with a
scaling form K(t) ∼ |t| exp [κ(t/L2)]. We believe this
form to be generic in describing the onset of chaos in
quantum systems with a conserved quantity. An inter-
esting perspective for future work is the study of systems
supporting non-Abelian symmetries, where the interplay
of different conserved quantities can give rise to anoma-
lous transport [51–53]. Finally, while this manuscript
was in preparation, related numerical results were pre-
sented in Ref. [46] for the scaling of tTh with L
−2 in a
Hamiltonian (rather than Floquet) model.
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Mapping between K(t) and the trotterized XXX Heisenberg chain
FIG. S1. A schematic illustration of the diagrammatic representation of K(t, s) according to [27].
(a) (b)
FIG. S2. (a): The three leading diagrams of K(t, s) at t = 3 in the large-q limit [27]. For each diagram, every site i takes the
same configuration. (b): The diagrammatical representation of Uk,γ;lδi,α;j,β , where the Roman [Greek] indices correspond to color
[spin] degrees of freedom.
According to [27], the evaluation of the ensemble average in the definition of K(t, s) (2) amounts to generating all
diagrams by pairing unitaries with their complex conjugates at each bond, as schematically illustrated in Fig. S1. In
the large-q limit, the leading contributions consist of t diagrams, each of which has an identical ‘cyclical’ pairing at
all sites as illustrated in Fig. S2a (for a rigorous proof, see [27]).
7These t diagrams are ‘Gaussian’, in the sense that they can be evaluated using the Wick contraction of a random
unitary and its conjugate (Fig. S2b)),
Uk,α;l,αi,α;j,α U
∗ k′,α;l′,α
i′,α;j′,α =
1
q2
δi,i′δj,j′δk,k′δl,l′
Uk,α;l,βi,α;j,β U
∗ k′,α;l′,β
i′,α;j′,β =
1
2q2
δi,i′δj,j′δk,k′δl,l′ if α 6= β
, (S1)
where Roman [Greek] indices correspond to color [spin] degrees of freedom. Using (S1), we translate each of these
t diagrams into an algebraic term by summing over the color and spin degrees of freedom. For simplicity, consider
the leftmost diagram in Fig. S2a. The sum over the color degrees of freedom will cancel out all factors of q that
appear in (S1), as shown in [27]. This leaves a sum over the spin degrees of freedom, subject to the constraint
Sz =
∑L
j=1 σˆ
z
j = sL. Observe that the choice of spin degrees of freedom in Wˆ fixes those in Wˆ
† due to (S1).
Consequently, the sum over spins-1/2 can be computed by finding all possible ways to assign spins in the diagrammatic
representation of Tr
s
[Wˆ ] – as illustrated in Fig. S3 – such that (i) the global magnetization satisfies Sz = Ls along
any horizontal fixed-time slice of the diagram, and (ii) the local magnetization Szj,j+1σˆ
z
j + σˆ
z
j+1 is preserved across
each two-site gate. This sum over spins can be reproduced by Tr
s
[Mˆ t ] , as defined in (3), where the factor of 12 in Tˆj,j′
originates from the 12q2 term in (S1), while the q
2 factor is cancelled by averaging over the color degrees of freedom.
FIG. S3. The sum over spins can be computed by finding all possible configurations of the spins-1/2 allowed in the diagrammatic
representation of Tr
s
[Wˆ ], such that the global magnetization satisfies Sz = sL (s = 0 in this figure), and the local magnetization
is conserved by each gate.
Finally, note that any two of the t contracted diagrams in Fig. S2a can be related to one another by a “rotation”
of the arrowed loop on the right, i.e. the diagrams are topologically equivalent. This loop represents a trace, and
the aforementioned invariance is equivalent to the cyclic invariance of the trace. Consequently, the corresponding
algebraic terms for all t leading diagrams are identical, giving rise to the factor of t and reproducing (3) in full.
Numerical Methods
For L = 10, 12, 14, we find the eigenvalues of Wˆ (11) using exact diagonalization, and compute Tr[Wˆ (t)] =
∑
n e
itθn
directly to obtain K(t), which is then averaged. For L = 16, we sample the trace, computing an approximate version
of Tr[Wˆ (t)] via successive multiplication of Wˆ onto a number of ‘sample states’, which are superpositions of the basis
states, with complex coefficients drawn from a Gaussian distribution with zero mean and unit variance. For the 12870
basis states comprising the trace for L = 16, we find that . 100 samples is sufficient to reproduce the correct behavior
for K(t).
General formulation of inhomogeneous Algebraic Bethe Ansatz
In (13) of the main text, we introduced the standard SU(2) R-matrix (Fig. S4). The exchange operator Pˆa,b is
defined by Pˆa,b|sa, sb〉 = |sb, sa〉 The fundamental property is that the R-matrix satisfies the Yang-Baxter identity.
For clarity, indices of the form i, j, k, . . . will indicate sites in the real spin lattice, while indexes of the form a, b, c, . . .
will indicate the auxiliary spaces, all of which are spins-1/2. The Yang-Baxter identity can be written as an operator
identity in C2a ⊗ C2b ⊗ C2i , and we have
Rˆa,b(λ− µ)Rˆi,a(λ)Rˆi,b(µ) = Rˆi,b(µ)Rˆi,a(λ)Rˆa,b(λ− µ) (S2)
8FIG. S4. Diagrammatic representations of Rˆa,b(λ−µ), Fˆ (λ, {ξ}), Pˆa,b and Sˆ. Note that in the current convention, Rˆa,b(λ−µ)
acts in the top right direction.
One can then introduce the T -matrix as
TˆL,a(λ, {ξ}) = Rˆ1,a(λ− ξ1)Rˆ2,a(λ− ξ2) . . . RˆL,a(λ− ξL) (S3)
Note that with respect to (14) in the main text, we write explicitly its dependence on the set of inhomogeneities ξ’s.
The crucial fact is that employing (S2) many times, one can prove the so-called RTT relation
Rˆa,b(λ− µ)TˆL,a(λ, {ξ})TˆL,b(µ, {ξ}) = TˆL,b(µ, {ξ})TˆL,a(λ, {ξ})Rˆa,b(λ− µ) (S4)
From this relation it follows that if we set F (λ, {ξ}) as the trace over the auxiliary space, i.e. F (λ, {ξ}) =
Tra[TˆL,a(λ, {ξ})], as illustrated in Fig. S4, we have that
[F (λ, {ξ}), F (λ′, {ξ})] = 0 , λ, λ′ ∈ C .
Repeating (15), but keeping explicit the dependence on ξ’s
TˆL,a(λ, {ξ}) =
(
A(λ, {ξ}) B(λ, {ξ})
C(λ, {ξ}) D(λ, {ξ})
)
. (S5)
With this notation it is clear that F (λ, {ξ}) = A(λ, {ξ}) +D(λ, {ξ}) and moreover (S4) can be interpreted as a set of
commutation relations for the operators A,B,C,D. Those relevant for us are
[B(λ, {ξ}), B(µ, {ξ})] = 0 (S6)
A(λ, {ξ})B(µ, {ξ}) = f+(λ− µ)B(µ, {ξ})A(λ, {ξ}) + g+(λ− µ)B(λ, {ξ})A(µ, {ξ}) (S7)
D(λ, {ξ})B(µ, {ξ}) = f−(λ− µ)B(µ, {ξ})D(λ, {ξ}) + g−(λ− µ)B(λ, {ξ})D(µ, {ξ}) (S8)
where the functions
f±(λ) =
λ∓ 2ı
λ
, g±(λ) = ±2ı
λ
(S9)
are independent of the inhomogeneities {ξ}. We fix the vacuum state |Ω〉 = | ↑↑ . . . ↑〉. This is an eigenstate of
F (λ, {ξ}), since
A(λ, {ξ})|Ω〉 = a(λ, {ξ})|Ω〉; D(λ, {ξ})|Ω〉 = d (λ, {ξ})|Ω〉; C(λ, {ξ})|Ω〉 = 0 . (S10)
And with our current normalizations, we have
a(λ, {ξ}) = 1 , (S11)
d (λ, {ξ}) =
∏
i
(
λ− ξi
λ− ξi + 2ı
)
; (S12)
9Then one can check [50] that the operators B(λ, {ξ}) can be used to build eigenstates of F (λ, {ξ})
F (λ, {ξ})|{λ}〉 = Λ(λ, {λ}, {ξ})|{λ}〉 , (S13)
|{λ}〉 ≡ B(λ1, {ξ}) . . . B(λN , {ξ})|Ω〉 (S14)
if the Bethe Ansatz equations are satisfied ∏
b6=a
f−(λa − λb)
f+(λa − λb) =
a(λa, {ξ})
d (λa, {ξ}) (S15)
where a, b = 1, . . . , N . The eigenvalue Λ(λ, {λ}, {ξ}) is given by
Λ(λ, {λ}, {ξ}) = a(λ, {ξ})
∏
a
f+(λ− λa) + d (λ, {ξ})
∏
a
f−(λ− λa) (S16)
Note that each B(λ, {ξ}) decreases by 1 the total magnetization along z:
[B(λ), Sˆz] = B(λ) =⇒ Sˆz|{λ}〉 = (L/2−N)|{λ}〉 . (S17)
Trotterized XXX
We now fix the values of the inhomogeneities according to
ξj = ı+ (−1)jδ (S18)
and for clarity, we refer to the transfer matrix for the Trotterized problem as Fδ(λ) ≡ F (λ, {ξ}) with the ξj ’s given
by (S18). We also assume L to be an even integer. Then we define the evolution operator as
Mˆδ = Fδ(ı− δ)−1Fδ(ı+ δ) . (S19)
Inspecting (S3), we see that it involves the matrices
Rˆa,b(0) = Pa,b , Rˆa,b(±δ) ≡ Rˆ±a,b . (S20)
We also introduce the shift operator by
S|s1, s2, . . . , sL〉 = |s2, s3, . . . sL, s1〉 , S†S = 1, (S21)
which can be rewritten as a trace over the auxiliary space
S = Tra[P1,aP2,a . . .PL,a] (S22)
Then we can write
S†Fδ(ı+ δ) = Rˇ+1,2Rˇ+3,4 . . . Rˇ+L−1,L , (S23a)
S†Fδ(ı− δ) = Rˇ−L,1Rˇ−2,3 . . . Rˇ−L−2,L−1 , (S23b)
where we introduced
Rˇ±ab = PˆabRˆ±ab (S24)
Note that (S23) also imply that the square of the shift operator belongs to the set of commuting operators
S2 = Fδ(ı+ δ)Fδ(ı− δ) , (S25)
as expected from the two-site translation invariance of the model. Moreover, from (S23b) we immediately read off
the expression for F (ı/2− δ/2)−1 as
Fδ(ı− δ)−1 = (Rˇ−L−2,L−1)−1(Rˇ−L−4,L−3)−1 . . . (Rˇ−2,3)−1(Rˇ−L,1)−1S† (S26)
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Furthermore, from (13), we see that
(Rˆ±a,b)−1 = Rˆ∓a,b . (S27)
Therefore, we conclude that
Mˆδ = Rˇ
+
L−2,L−1Rˇ
+
L−4,L−3 . . . Rˇ
+
L,1Rˇ
+
1,2Rˇ
+
3,4 . . . Rˇ
+
L−1,L . (S28)
Thus, inserting (S18) into the general Bethe Ansatz equation (S15), one obtains(
λa + (δ + ı)
λa + (δ − ı)
)L/2(
λa − (δ − ı)
λa − (δ + ı)
)L/2
=
N∏
b=1
b6=a
(
λa − λb + 2ı
λa − λb − 2ı
)
. (S29)
The eigenvalue of Mˆδ corresponding to the state |{λ}〉 is then given by
Mˆδ|{λ}〉 =
∏
a
f+(ı+ δ − λa)
f+(ı− δ − λa) |{λ}〉 , (S30)
where we used the relation d ( ı±δ2 ) = 0. We now observe that for δ = ı, Rˇ
+ = 12 (1ˆ + Pˆ) and thus
Mˆ = lim
δ→ı
Mˆδ . (S31)
In practice, while varying the parameter δ ∈ [0, ı] we interpolate between the standard XXX spin chain and the model
in (3). In this limit, the Bethe Ansatz equation (S29) reproduces (18) in the main text. The eigenvalues in (S30) can
be written as
MˆB(λ1) . . . B(λN )|Ω〉 = e
∑
a−ε(λa)|Ω〉 , ε(λ) = − log λ
2
λ2 + 4
(S32)
where ε(λ) plays the role of an effective magnon energy. Using (S25), we obtain also the spectrum of the shift operator
S2|{λ}〉 = e2ı
∑
a k(λa)|{λ}〉 , e2ık(λ) =
(
λ+ 2ı
λ− 2ı
)
(S33)
which coincides with the relation k(λ) = arccot(λ/2) ∈ [−pi/2, pi/2] given in the main text. In terms of it the dispersion
relation in (S32) is rewritten as ε(λ) = 2 ln cos k(λ) as stated in the main text.
String Hypothesis
To recover the other solutions to (18), we apply the string hypothesis [47]. We assume that the standard strings
can be used, since the scattering matrix (right-hand side of (18)) is unchanged compared to the standard XXX spin
chain. Therefore, we assume that the roots of (18) are arranged as
λ(n,m)α = λ
(n)
α + ı(2m− n+ 1) , m = 0, . . . , n− 1 (S34)
where n is the number of roots contained in the n-string. The index α labels the strings of the same type and λ
(n)
α ∈ R
is the string center. Deviations with respect to (S34) are expected to be exponentially small in the system size L.
Here, we assume that the string hypothesis is valid at least for generic values of the parameter δ, that we keep as a
regularizer that we send to ı.
Inserting the string Ansatz in (18), we recover the string form of the Bethe Ansatz equation which involves only the
string centers. The derivation is completely analogous to the one holding for the XXX spin chain so we skip the details
and refer the reader to standard references (see for instance chapter 8 in [42]). One then obtains the logarithmic form
of the Bethe Ansatz equations for the string centers
Lθ(δ)n (λ
(n)
α ) = 2piI
(n)
α +
∑
(m,β) 6=(n,α)
Θn,m(λ
n
α − λmβ ) . (S35)
11
This equation is almost identical to the one holding for the standard XXX spin chain, upon replacing θ(λ)→ θ(δ)(λ),
where for an arbitrary function g(λ) we defined
g(δ)(λ) =
1
2
(g(λ+ δ) + g(λ− δ)) (S36)
and we set
θn(λ) = 2 arctan(λ/n) . (S37)
We then take the thermodynamic limit L → ∞ of (S35) in a standard way, by introducing the density of roots and
holes for each string length n, respectively ρn(λ) and ρ
h
n(λ). We refer the reader to the original references for their
precise definitions. For our purposes, the ensemble of root densities characterize each eigenstate in thermodynamic
limit, as the density of the string centers
ρn(λ) =
1
L
∑
α
δ(λ− λ(n)α ) , n = 1, . . . ,∞ . (S38)
From this it follows that the eigenvalues of Mˆ and the total magnetization Sˆz converge to
〈{λ}|Mˆ |{λ}〉 L→∞= exp
[
L
∞∑
n=1
εn(λ)ρn(λ)
]
(S39)
〈{λ}|Sz|{λ}〉 L→∞= L
2
− L
∞∑
n=1
nρn(λ) , (S40)
where we defined the effective energy of n-string magnon
n(λ) ≡
n−1∑
m=0

(
λ+ ı(2m− n+ 1)) = ln(λ2 + (n− 1)2
λ2 + (n+ 1)2
)
. (S41)
The Bethe Ansatz equations (S35) translate into a functional relation between the density of roots and the density
of holes
a(δ)n (λ) = ρn(λ) + ρ
h
n(λ) +
∞∑
m=1
(Tnm ∗ ρm)(λ) , n = 1, . . . ,∞ (S42)
where we denote the convolution as
(g ∗ h)(λ) =
∫
dλ′g(λ− λ′)h(λ′)
and we defined the quantities
an(λ) =
1
2pi
d
dλ
θ(λ/n) =
1
pi
n
λ2 + n2
(S43)
Tnm(λ) = a|n−m|(λ)(1− δn,m) + an+m(λ) + 2
n+m−1∑
`=|n−m|+1
a`(λ) . (S44)
Thermodynamic Bethe Ansatz (TBA)
We now consider the evaluation of the function φ(t, s) defined in (7) which we repeat for convenience
φ(t, s) = − lim
L→∞
L−1 ln Tr
s
(Mˆ t) (S45)
To account for the projection onto the subspace S = sL, we make use of the Legendre transform, namely
φ(t, s) = max
h
[ψ(t, h)− 2hs] , ψ(t, h) = − lim
L→∞
L−1 log Tr(Mˆ te2hS
z
) (S46)
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where the trace in (S46) is unrestricted. We explain here how ψ(t, h) can be exactly computed within the formalism
of the TBA. The standard procedure is to rewrite the trace as a functional integral over the root/holes densities
Tr[M te−2hS
z
] =
∑
{λ}
〈{λ}|M te2hSz |{λ}〉 =
∫
DρnDρhn δ(BAE)e−LF [ρ,ρ
h] (S47)
where the δ(BAE) enforces the relation (S42). The functional F(ρ, ρh) takes the form
F [ρ, ρh] = −h+
∑
n
∫
dxρn(λ)(n(λ) + 2hn) + SY Y [ρ, ρ
h] (S48)
SY Y [ρ, ρ
h] = −ρn(λ) ln
(
1 +
ρhn(λ)
ρn(λ)
)
− ρhn(λ) ln
(
1 +
ρn(λ)
ρhn(λ)
)
(S49)
where the Yang-Yang entropy SY Y [ρ, ρ
h] [54] accounts for the exponentially large number of states described by the
same root densities. At large L, the minimization of F [ρ, ρh] leads to the equations for ηn(λ) = ρhn(λ)/ρn(λ)
ln ηn(λ) = tn(λ) + 2hn+
∞∑
m=1
Tnm ∗ ln(1 + η−1m (λ)) . (S50)
Inserting this solution in the expression for F [ρ, ρh] we get its value at the minimum, namely
ψ(t, h) = −h−
∑
n
∫
dxa(δ)n (λ) ln
(
1 + η−1n (λ)
)
(S51)
This equation holds generically for any δ. It can be further simplified for δ → ı. Indeed, writing explicitly the case
n = 1 of (S50):
ln(1 + η1(λ)) = tg
(δ)
1 (λ) + 2h+
∞∑
m=1
(am−1 + am+1) ∗ ln(1 + η−1m (λ)) . (S52)
We moreover note that
am−1(λ) + am+1(λ)
2
= a(ı)m (λ) (S53)
we obtain
ψ(t, h) ≡ lim
λ→0
t1(λ)− ln η1(λ)
2
(S54)
Note that the limiting procedure is required just because both g
(ı)
1 (λ) and ln η1(λ) are singular for λ → 0 but their
difference is not.
Large-time expansion
We consider the asymptotic behavior of ψ(t, h) for large t and fixed h. Since ψ(t,−h) = ψ(t, h), we take h > 0.
The case h = 0 requires a different treatment. The functions ηn(λ) admit the expansion:
ln ηn(λ) = tn(λ) + 2nh+
∞∑
k=0
t−k/2qn,k(λ/
√
t) (S55)
The following results are easily verified∫ ∞
−∞
dxan(λ) = 1 , lim
t→∞ tan(
√
tz) =
n
piz2
. (S56)
13
We have therefore
√
t Tnm(z
√
t)
t1
= τn,mδ(z) +
2nm
pi
√
tz2
+O(t−3/2) , (S57)
lim
t→∞ ln ηn(
√
tz) =
4n
z2
+ 2nh+ qn,0(z) , (S58)
where
τn,m =
∫
dxTn,m(λ) = 2 min(n,m)− δn,m
Indeed, inserting (S55) inside (S50), we have at the leading order an equation for qn,0(z)
qn,0(z) =
∞∑
m=1
τn,m ln
(
1 + e−
4m
z2
−2mh−e(0)m (z)
)
(S59)
These equations can be mapped onto those describing the infinite temperature behavior of the XXX model and admit
an exact solution in the form
qn,0(z) = −4m
z2
− 2mh+ log
(
sinh(n(h+ 2z−2)) sinh((n+ 2)(h+ 2z−2))
sinh(h+ 2z−2)2
)
. (S60)
In particular, this implies qn,0(z → 0) = 0. At the next order, we have an equation for qn,1(z)
qn,1(z) = −
∞∑
m=1
τnmqm,1(z)
1 + e
4m
z2
+2mh+qm,0(z)
+
∞∑
m=1
∫
dz′
2nm
pi(z − z′)2 ln(1 + e
− 4m
z′2−2mh−qm,0(z
′)) (S61)
So using (S54), we need only the case n = 1. Changing variable u = h+ 2/z2, we obtain
ψ(t, h)
t1
= −h− q1,1(0)
2
√
t
= −h−
∞∑
m=1
∫ ∞
h
dh
m log
(
sinh((m+1)u)2
sinh(mu) sinh((m+2)u)
)
√
2pi2t(u− h) (S62)
Remarkably, exchanging the sum and the integral allows for an explicit solution: setting gm = log(sinh(mu)) and
using
M∑
m=1
m(2gm+1 − gm − gm+1) = (M + 1)gM+1 −MgM − g1 (S63)
one recovers
ψ(t, h) = −h− Li3/2
(
e−2h
)
2
√
pit
+ o(t−1/2) . (S64)
The Legendre transform is obtained by observing that at large t, the maximum in (S46) is at h ∼ 0. So one expands
Li3/2
(
e−2h
)
= 2
√
2pih+ ζ(3/2) +O(h) , (S65)
and find that (S46) is maximal at h∗ ' 1/(2(1 + 2s)2t). Combining this with (S46) recovers (8) of the main text.
Alternative approach: Quantum transfer matrix (QTM)
The formulation presented in the previous section allows the calculation of the large-time expansion. However, the
calculation at arbitrary values of t and h of ψ(t, h) requires the solution of (S50), which is infinite set of coupled
integral equations. One has to resort to truncation n up to when convergence is reached. A numerically much more
efficient procedure is based on the quantum transfer matrix approach [43]. We first note the relation
Fδ(ı− δ)−1 = lim
x→−ı−δ
d (x)−1Fδ(x) (S66)
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FIG. S5. Diagrammatic representation of Tr[M tδe
2hSz ]. Blue (red) boxes group matrices that act in the time (space) direction.
The curly legs at the boundary of the diagram represent the periodic boundary condition.
Then from (S19), we can write
Tr[M tδe
2hSz ] = lim
x→−ı−δ
d (x)−tTr[Fδ(x)Fδ(ı+ δ) . . . Fδ(x)Fδ(ı+ δ)︸ ︷︷ ︸
t times
e2hS
z
] = Tr[F˜1F˜2 . . . F˜1F˜2︸ ︷︷ ︸
L times
] (S67)
where F˜1,2 are dual transfer matrices defined on 2t sites, obtained exchanging space and time, as clarified in Fig. S5.
The advantage of this transformation is that in the limit L→∞, the last trace in (S67) is dominated by the largest
eigenvalue of the matrix F˜1F˜2. Using the general expressions in (S13) and (S15), we arrive at the equation
tp˜(λa) +
t∑
b=1
Θ˜(λa − λb) + ıh = pi(a− (t− 1)/2) , a = 0, . . . , t− 1 (S68a)
p˜(λ) = arctan(2λ)− arctan(2λ/3) , Θ˜(λ) = arctan(λ) (S68b)
ψ(t, h) = −1
2
t−1∑
a=0
log
( 4λ2a + 9
16λ2a + 4
)
(S68c)
The equations (S68a) can be solved efficiently with standard numerical tools for t up to 104; by inserting the solutions
{λa}t−1a=0 in (S68c), one can efficiently obtain ψ(t, h) for any values of t and h. Finally, φ(t, s) is recovered by Legendre
transform. A comparison between the exact ψ(t, h) obtained with this method and the expansion (S64) is shown in
Fig. S6.
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FIG. S6. The function ψ(t, h) obtained via the QTM method (Eqs. (S68)) as a function of h for different values of t. The dashed
lines correspond to the expansion in (S64). Such an expansion does not capture the quadratic behavior at h = O(t−1/2) [45].
